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The largest eigenvalue of the adjacency matrix of a graph has received 
considerable attention in the literature. Not nearly as much seems to be known 
about bounds on other eigenvalues of the spectrum. Several results are presented 
here toward that goal, first for the general class of simple graphs, then for triangle- 
free graphs and finally for the even more restricted class of bipartite graphs. 
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1. INTRODUCTION 
The spectrum of a graph G is the set of eigenvalues of its adjacency 
matrix A and will be denoted here by 1,) I, ,..., A,,, where p is the number of 
nodes in the graph. These values have been extensively studied [4,6,8] and 
represent an important graph invariant. It has been shown that each 1, is real 
valued and, if G possesses an edge, at least one of them, known as the 
spectral radius of G, is positive and maximum in magnitude. Unless stated 
otherwise we will assume I, > d, ) A. s > A,. Several bounds for the spectral 
radius I, in terms of other graph invariants have been reported in the 
literature [ 1,2,5]. 
Here we develop bounds for all eigenvalues of graphs without loops or 
multiple edges. These bounds are then refined for the class of triangle-free 
graphs in general, and bipartite graphs in particular. 
A concept we will utilize is that of a graph walk. A k-length walk in G, for 
some positive integer k, is an ordered sequence of not necessarily distinct 
k + 1 nodes, where successive pairs of nodes in the sequence are adjacent in 
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G. The number of k-length walks which begin at node i and terminate at 
node j is @-the i, jth entry in the kth power of the adjacency matrix of G. 
These values are related to the spectrum by the equality 
fi A: = g1 4:’ for all positive integers k. 
From this it is clear that Cp=i A, = 0 and X:=1 Af = 2e, where e is the 
number of edges in the graph G. 
2. GENERAL GRAPHS 
For a few special classes of graphs, including complete, empty, cycles and 
stars, exact values for the spectrum are known [4]. In addition several 
bounds, mostly upper, have been found for the spectral radius of certain 
other classes, but little seems to have appeared on bounds for the remaining 
eigenvalues of the spectrum. Much of what is known comes from the classic 
“interlace” theorem [3] which states that the spectrum values of G and G’, 
where G’ is any induced subgraph of G on t nodes, are related by 
42% >&p-t+r, for l<r<t. 
The interlace theorem can be employed to show a variety of interesting 
results, including APPbO+ i < 0 < lb0 and &,+ i < -1 < 1, [7, p. 731, where 
PO is the independence number of the graph and cr) is its clique number. 
The following theorem presents our first bounds on 1,. 
THEOREM 1. For a graph G let n + and n- be the number of positive and 
negative eigenvalues, respectively. Then for 1 < r < p, 
(r(ry;$>Ar>-( 2en+ 
(P--r l)(p-r+ 1 +n+) 
) l’*. 
Proof: First, consider the left inequality and note that it is valid for 
1, ,< 0. We assume, therefore, that A, > 0. From the known equality 
2e=1:+2:+ .a. +A; we obtain 
Since Cf=i A, = 0 the right side of the above equality is maximized when 
&=A,=... = A, and, for A, < 0, I, = -&r/n-. Thus 1: < 2e - (r - l)Az - 
A,2r2/n-, or A: < 2enJr(r + n-), which gives the desired result. 
582b/37/3-3 
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The right side inequality clearly holds when 1, > 0. When 1, < 0 we have, 
in an analogous manner, that 
or 
w  
2en + 
(P-r+ l)(p-r+ 1 +n+)’ 
Since 1, < 0 we have 
42 - ( 
2en + 
) 
112 
(P-r+ l)(p-r+ 1 +n+) * 1 
In general the values of n, and n- are unknown, but in the proof of the 
previous theorem we see that when I, > 0 then n- < p - r and when A, < 0 
then n, Q r- 1. Thus we have 
COROLLARY 1. For a graph G and for 1 < r < p 
(“‘~~“)“‘an,~-(p~~(I;:)1))1’2. 
Cvetkovic [2] has shown that the node covering number o0 of a graph is 
an upper bound for both n + and n _ . 
COROLLARY 2. Let G be graph with node covering number a,,. Then, for 
l<r<P, 
( r(:e;l;o))1’2>lr>-( 2eao ) 1’2. 
(P - r + l)(p - r + 1 + a,) 
The bounds provided by the previous two corollaries always hold and, 
together, can often provide more specific information. This is summarized in 
THEOREM 2. Let G be a graph with node covering number a0 and 
independence number /IO. Then 
(1) for 1 < r g/3,, 0 <A, < (2ea&(r + ao))l” < (2e(p - r)/pr)‘j2, 
(2) for a, < r < p, 0 Z A, Z -(2eao/(p - r + l)(p - r + 1 + ao))1’2 Z 
-(2e(r - l)/p(p - r + 1))112 
(3) for a, < r <PO, A, = 0, and 
(4) for Bo<r<ao, the bounds of Corollary 1 hold and are never 
worse than those of Corollary 2. 
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Pro01 The lower bound on 1, in (1) is a straightforward result of the 
interlace theorem. The order of the upper bounds on 1, in (1) follows 
immediately since a, ( p - r. Result (2) is similar to (l), and (3) follows 
from (1) and (2). Result (4) is also immediate by simple algebraic 
manipulation. I 
In certain cases better bounds on the eigenvalues are possible. 
THEOREM 3. For any graph G and all positive integers k 
Proof: The left-hand inequality always holds when 1,. ( 0. For 1, > 0 we 
have 
Similarly the right-hand inequality holds when 1, > 0. If A, ( 0 we have, 
utilizing the fact that 1, > ]A,] for i = 2,..., p, 
Taking the negative 2kth root produces the result. 1 
We conclude this section by determining the number of eigenvalues of a 
graph which have magnitude equal to the value of the spectral radius. If G is 
connected this number is one if G possesses an odd cycle and is two 
otherwise [ 1, p. 226; and 4, p. 181. 
THEOREM 4. A graph G has I eigenvalues with magnitude equal to the 
spectral radius 1, of G if and only if 
(1) al < ((1/1)C$L, C.2;:“’ 1’2k ) for all positive integers k, and 
(2) 1, > ((l/(1 + 1)) CfE1 ajfk))1’2k@ k s@ciently large. 
Proof: Suppose the eigenvalues of G are labeled so that A, = ]A21 = .a. = 
l~rl>l~i+,l~--~ > ] A,, ]. Then for every positive integer k define 
Sk= i ;;:,- 5 ($)2kzl+ 5 ($)9 
i=l 1 [=l 1 i=1+1 1 
Since (A,] <(A,], for i=l+ l,..., p, it follows that Sk approaches 1 from 
above as k increases and is equal to I in the limit. Thus (1) and (2) hold. 
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Now suppose statements (1) and (2) hold for some 12 1 and G has m 
eigenvalues of magnitude 1,. Then, for k sufficiently large, both of the 
following relationships must hold: 
((l/(m + 1)) 5 &*)) 1’2k < I, Q ((l/m) + aifk)) “2k 
i=l ,e, 
and 
which can only occur when m = 1. I 
consequence of this result is that 1, = 
which can be used to show 1, = limk,,(w:‘k), where 
walks of length k, a result which is found in [4, p. 461. 
Further, when G is bipartite, 
and, in particular, when k = 1,1, < er’*. 
3. TRIANGLE FREE AND BIPARTITE GRAPHS 
The bounds on the individual eigenvalues of a graph may be improved if 
the graph is known to be triangle free. We will utilize the following lemma 
which is a special case of a result in [4, Lemma 3.1, p. 861. 
LEMMA 1. If there exists a positive integer k such that 
Further, strict inequality on the left implies strict inequality on the right, and 
equality on the right occurs if and only if 1, = -A, and A, = 1, = +.. = 
A P-1 = 0. 
We can now prove 
THEOREM 5. For a graph G let h > 5 be the length of shortest odd cycle 
(define h as positive infinity if G is bipartite). Then for positive integers 
k&(h-3)/2andfor l<r<p, 
c;=l uy 1f2k > I > x7= 1 aIf”’ ‘lZk 
r+r 2k/(2k+ 1) 
/ I/- 
t+t 
2k/(2k+ 1) 
where t=p-r+ 1. 
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Proof. We prove the left inequality first noting that it is trivially true for 
1, ( 0. Also notice that when k < (h - 3)/2 (i.e., 2k + 1 ( h), 
5 ajfk+” = g, Afk+’ = 0. 
lF, 
Since & > 0 we have 
(r 
M2kt 1,~,)2kt 1 = ,A,Zk+ 1 < i j$+ f = _ 
i=l 
From Lemma 1 we conclude that 
(r l/@kt lQ,)Zk < f A;” 
izt1 
and therefore r2k’(2kt ‘)Lfk + rAzk ,< Cf=, ,I:” = JJ=, ajfk). Solving for I, 
now gives the desired result. 
To prove the right inequality we use an analogous argument. Let 
t=p-r+ 1 and define wl=-&. Then w,>ww,>..~>wP. Since we are 
only interested in values of r for which & < 0 (i.e., wt > 0) we may invoke 
Lemma 1 again and conclude that 
The bounds provided by this theorem for k > 1 are not particularly useful 
since the elements of AZk are not usually known, nor are such bounds 
necessarily better than those obtained for k = 1. On the other hand when k is 
one (i.e., h > 5) we have immediately 
COROLLARY 3. Let G be a triangle free graph. Then for 1 < r < p 
2e ( 1 
l/2 
>4>- 
2e 
( i 
l/2 
r + r213 t+ 
where t=p-r+ 1. 
Slightly tighter bounds can be obtained if the graph is bipartite where it is 
known that /Zr=-JP--rC1. 
THEOREM 6. If G is bipartite with node covering and independence 
numbers a,, and /I,,, respectively, then 
(1) for 1~r~a,,0~~,=-~~_,+,~(C~=‘=,aj~k’/2r)”2k, 
(2) for a, -c r<&, L,=O. 
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Proof. Result (2) and the lower bound in (1) follow from Theorem 2 and 
the fact that a, < &, . To prove the upper bound in (1) we note that since G 
is bipartite -~~=IZ,~-~p-,=122~...~-~p-no+,=jlno~0. Thus for 
1 <r<a,, 
Again, an immediate result follows when k = 1. 
COROLLARY 4. If G is bipartite with node covering and independence 
numbers a,, and &,, respectively, then 
(1) for 1~r~ao,0~L,=-~,_,+,~(e/r)1’2, 
(2) for a0 <r<&, 1,=0. 
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